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Substructure Synthesis Method for Frequency Response
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The method of substructure synthesis, previously applicable to undamped and viscously damped systems, has
been extended to systems with viscoelastic damping in hereditary integral form, differential operator form and
steady-state form. Based on a variational principle for symmetric systems, the corresponding substructure synthesis
method is formulated in the frequency domain. Each substructure is represented by a set of admissible trial vectors
in the Rayleigh-Ritz method. Eigenvectors of the corresponding undamped substructure and Ritz vectors obtained
by spatial discretization of admissible functions are recommended as trial vectors. The traditional state-space
formulation is avoided by the proposed substructure synthesis method so that the approach is independent of the
form of viscoelastic models. The effectiveness of the proposed method in terms of reducing the size of final equations
is illustrated through numerical examples.

Introduction

MODERN aerospace structures exhibit the characteristics of
large size, light weight, and significant flexibility. Damping

plays an important role to help stabilize control systems or to atten-
uate dynamic vibrations of these structures. The use of lightweight,
high-strength composite materials may provide the passive damping
desired. These materials are generally classified as viscoelastic. The
finite element method reduces a continuous structure with complex
geometry into a discrete system with a large number of degrees of
freedom. The dynamic analysis of such a system is usually computa-
tionally expensive and sometimes impractical even with the capac-
ity of current computers. The substructure synthesis method solves
this problem by reducing a discrete system with a large number
of degrees of freedom to another discrete system with a smaller
number of degrees of freedom while still retaining the desired
solution accuracy.

The main concept of approximating a substructure through the use
of a set of trial vectors is common to all substructure synthesis meth-
ods. The required steps can be summarized as follows: 1) divide the
structure into substructures, 2) represent the displacement of each
substructure with a set of trial vectors, 3) couple the substructures by
enforcing compatibility at their interfaces, 4) solve the reduced-size
problem, and 5) transform the result back to the original system.
Besides order reduction, substructure synthesis methods offer the
following practical advantages: 1) independent design and analysis
of various components of a structure by different contractors, 2) lo-
calized treatment of substructures with distinct properties such as
viscoelasticity, 3) cost reduction for a re-analysis if not all of the sub-
structures are modified, 4) simultaneous construction and reduction
of substructural matrices on parallel computers, and 5) incorporation
of experimental and analytical substructural characterization.

Substructure synthesis methods have been applied to the dynamic
analysis of aerospace structures from the beginning of the space age
to recent on-orbit structural load analysis of Space Station Free-
dom. Numerous substructure synthesis methods exist; most of these
deal with the analysis of undamped structures. The most common
approach is to use substructure modes as trial vectors; hence the
term component mode synthesis. Based on conditions imposed at
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interfaces between one substructure and adjoining substructures,
these methods can be further classified as fixed interface, free in-
terface, and loaded interface. Hurty1 developed the first compo-
nent mode synthesis method using fixed interface modes, rigid-body
modes, and redundant constraint modes as trial vectors. Craig and
Bampton2 simplified Hurty's method by pointing out that it is un-
necessary to separate the set of constraint modes into rigid-body
modes and redundant constraint modes. The original free interface
method proposed by Goldman3 has difficulty in representing lo-
cal flexibility at interface points; the result is slow convergence.
MacNeal4 and Rubin5 developed residual flexibility techniques to
include the static effects of truncated higher order modes. Craig
and Chang6 identified Rubin's method as a consistent Ritz trans-
formation using free interface modes and attachment modes as trial
vectors. With the intention to find a set of substructure modes bear-
ing some resemblance to the system modes, Gladwell7 proposed a
loaded interface method to include rigid-body inertia loading on a
substructure due to the substructures connected to it. Benfield and
Hruda8 generalized the method by also applying the stiffness load-
ing. The major drawbacks of this approach are the complexity of its
implementation and the dependency of the data from other substruc-
tures. On the basis of the Rayleigh-Ritz approach, Meirovitch and
Hale9 proposed to represent each substructure with a suitable set
of admissible vectors, which can be generated through spatial dis-
cretization of simple admissible functions. Other trial vectors, such
as Lanczos vectors, were also considered in the literature. The start-
ing vectors for Lanczos recurrence relationships were obtained as
the static response due to either the actual load on the substructure10

or some fictitious loads at substructure interfaces.11

The treatment for systems with proportional viscous damping is
not so different from the treatment for undamped systems since the
substructure modes of a damped system are the same as those of the
associated undamped system. Nonproportional viscous damping is
traditionally accommodated by a state-space formulation leading
to complex substructure modes. Hasselman and Kaplan12 extended
Craig and Bampton's method2 by using fixed interface complex sub-
structure modes. Wu and Greif13 devised a synthesis method using
two successive transformations based upon consecutive use of free
interface undamped modes in the physical coordinates followed b>
fixed interface damped complex modes in general coordinates. AJ
an extension of Goldman's method,3 Craig and Chung14 used free
interface complex modes in the mode synthesis. The method of sup-
plementing the free interface complex modes with various complex
attachment modes in improving convergence was also explored.15<le
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A substructure synthesis applicable to nonsymmetric systems was
formulated by Craig and Ni17 using both left and right free interface
complex eigenvectors and attachment modes to form the left and
right substructure transformation matrices, respectively. The com-
plex conjugate transpose of the matrix of complex modes, instead of
the traditional simple transpose, was proposed for the transformation
in both the fixed18 and free19 interface method; thus the eigenval-
ues of the coupled structural system occur in complex conjugate
pairs. The real and imaginary components of complex substructure
eigenvectors can be used separately as trial vectors to obtain real
matrices,20 but they are no longer eigenvectors. According to Hus-
ton et al.,21 there is little difference in the resulting eigen-solution
whether complex substructure modes or real normal modes are used,
even for cases with heavy damping and appreciably complex modes.
Based on a variational principle in state space, Hale22 formulated a
substructure synthesis method for nonsymmetric systems. The dis-
placement and velocity were represented independently in terms
of real substructure admissible vectors, and interface compatibility
was applied to both the displacement and velocity. A more extensive
review on this subject is available in Ref. 23.

In this paper, the method of substructure synthesis, previously
applicable to undamped and viscously damped systems, has been
extended to systems with viscoelastic damping in hereditary inte-
gral form, differential operator form, and steady-state form. The
solution of the frequency domain response can be made through
a Fourier transform of the reduced motion equations in the time
domain if the transform of the viscoelastic constitutive relations
exists. However, not all viscoelastic damping models can be writ-
ten in hereditary integral form. Based on a variational principle
for symmetric systems, the proposed substructure synthesis method
is formulated in the frequency domain. The traditional state-space
formulation for systems with viscous damping is avoided in the
present approach. Such a formulation is undesirable for systems
with general viscoelastic damping for the following reasons. First,
state-space formulations depend on the form of viscoelastic damp-
ing, which makes a computerized unified approach very difficult.
Second, the size of state-space substructure equations increases with
the number of viscoelastic constants used in the model when order
reduction is needed in the first place. In addition, Ritz expansions
for the newly introduced state variables are required, and geomet-
ric compatibility between substructures has also to be treated for
the new variables. With the proposed method, each substructure is
represented by a set of admissible trial vectors on the basis of the
Rayleigh-Ritz approach. Variations of the method can be derived
by using different types of trial vectors. Among them, eigenvec-
tors of the corresponding undamped substructures with fixed or free
interfaces and Ritz vectors obtained by spatial discretization of ad-
missible functions are recommended. The approach is independent
of the form of viscoelastic damping models, and the effort spent on
the reduction process is similar to that in the classic component
mode synthesis for undamped systems. In the absence of damping,
the present method is identical to the classical method.

In the following sections, the types of viscoelastic constitutive
relations applicable to the proposed substructure synthesis method
are presented and summarized. Then a set of discrete motion equa-
tions of a viscoelastic structure is introduced, and its equivalent
variational principle is developed. Based on a variational principle
and the Rayleigh-Ritz approach, a substructure synthesis method is
formulated. The selection of Ritz trial vectors is discussed. Finally,
the effectiveness of the proposed method is illustrated through nu-
merical examples.

Viscoelastic Constitutive Relations
Hereditary Integral Form

Based on the hypothesis that the local stress history is completely
determined by the strain history and the restriction of linearity, con-
tinuity, causality, and translation invariance in time, an integral rep-
resentation can be deduced for the most general linear hereditary
stress-strain law24

where Gijki(t) is termed the relaxation function and G/^/(oo) = 0.
The Fourier transform of Eq. (1) yields

= Eijkl €kl(t) + Gijki(t) LGiik

0/7 (ft>) = [Eijkl + ja>Giju(Q))]€ki(Q)) (2)

The time-dependent function Gijki (t) is usually expressed as a series
of exponentials,25

(3)

The problem of requiring a large number of relaxation coefficients
to describe a viscoelastic material prompts a representation of relax-
ation functions with a continuous distribution,26

/
oo

G
.

(4)

Differential Operator Form
Standard linear viscoelastic models relate a series of time deriva-

tives of the stresses to a series of time derivatives of strains. In one
dimension, as suggested by Bland and Lee,27 this becomes

(5)
5=0

where the time operator is

(6)

Taking the Fourier transform of Eq. (5) under the assumption of
zero initial stress and strain yields

Y a(ja)) = ^a^jco)5 €(jo)) (7)
5=0 5=0

One of the special cases of this form is the classic Kelvin-Voigt
model

(8)

An alternative approach of modeling viscoelastic behavior is to
use fractional derivatives. The general form of the fractional deriva-
tive model28 is

Da'€(t) (9)

where the fractional derivative is defined by

° < " « i < i o >

(1)

Taking the Fourier transform of Eq. (9) with the properties of the
transform of fractional derivatives yields

(11)

According to Bagley and Torvik,28 many viscoelastic materials can
be modeled by retaining only the first term in each series.
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Steady-State Form
If the applied load varies sinusoidally with time, the viscoelastic

body may be assumed in a steady-state harmonic oscillation. Under
this condition, the stress and strain histories are specified as being
harmonic functions of time

(12)

A frequency-dependent complex modulus may be used to relate the
steady-state stress cr0 and strain 60

(13)

The complex modulus G°(a>) can be obtained directly from a si-
nusoidal test. This approach is motivated by the observation that
the sinusoidal strain lags the sinusoidal stress by some phase angle.
The commonly used hysteretic damping model is a special case of
Eq. (13) wherein

(14)

The attractive feature of this model is its simplicity; however, it is
inconsistent in the time domain due to the violation of causality.

General Form
The general form of the constitutive relations in the frequency

domain are

(15)

where the real functions G'ijkl (co) and G"ikl (co) are usually referred to
as the storage and loss moduli, respectively. Equation (15) includes
the hereditary integral form (2), the differential operator forms (7)
and (11), and the steady-state form (13).

Motion Equations
With the general form of the constitutive relations, Eq. (15), the

following discretized motion equations can be obtained by applying
the finite element method to a viscoelastic structure

(16)

where matrices M, K'(co>), and K"(a>) are all symmetric; M is the
mass matrix, whereas matrices K' (co) and K"(co) are related to the
storage moduli Gf

ijkl(co) and loss moduli G"jkl(o)), respectively. Ac-
cording to the elastic-viscoelastic correspondence principle, they
can be conveniently derived from the stiffness matrix of fully elastic
elements when the appropriate frequency dependence is included.
The displacement vector U contains generalized displacements at
the nodes, and the force vector F represents the effect of external
forces on the structure.

For hysteretic damping, in the light of Eq. (14), the matrix func-
tions K'(oo) and K"(co) reduce to constants, and Eq. (16) becomes

(17)

A variational principle provides an equivalent form of the motion
equations and a foundation for the substructure synthesis method.
In this case, a bilinear functional can be conveniently introduced as

FI = \ ((-a)2M + JK" + K')U, U) - (F, U) (18)

such that the motion equation (16) is given by the stationary condi-
tion SO = 0, with the bilinear form of two vector functions x(co)
and jr(o>) defined as

(x,y)=xTy (19)

To prove this statement, the first variation of II needs to be con-
sidered. This is given by

(20)

= | ((-o)2M + jK" + K*)8U, U)

| ((-a>2M + jK" + K')U, SU) - (F, 8U)

The symmetry of matrices M, K', and K" results in

((-a>2M + jK" + K')x, y) = ((-a)2M + JK" + K')y, x) (21)

Applying the previous property (21), Eq. (20) becomes

50 = ((-co2M + JK" + K'}U - F, SU) (22)

We observe immediately that the Euler equation of the bilinear func-
tional O,

(-a>2M + jK" + K'}U - F = 0

is identical to the original motion equation (16).

(23)

Substructure Synthesis
Assume that the structure is divided into N substructures. For a

single substructure 5, the motion satisfies Ns simultaneous equations
in the frequency domain

= F,, s = l,...,N (24)

Substructure matrices Ms, K's(co), and K"(a>) are symmetric; Us is
the generalized substructure displacement vector. The generalized
force vector Fs consists of the sum of two parts, namely, a vector
FEs of external forces acting on substructure s and a vector F/s of
forces exerted on the internal boundaries Brs of substructure s by
all of the substructures r(r = l , . . . ,# , r^ ,s) . Thus

F5=F£,+F / s, = !,..., AT (25)

Based on the variational principle, Eqs. (24) can be obtained as the
conditions for the first variation of the following bilinear functional
with respect to Us to vanish

(26)

The N substructures are now considered to act together so as to
form the complete system. The motion equations are then given by
the stationarity condition <5O = 0 with

(27)

when the constraints are imposed in the form of internal boundary
compatibility conditions between adjacent substructures. According
to the force equilibrium conditions on internal boundary Brs shared
by substructures s and r, the force F/r \Brs exerted by substructure s
on substructure r must be equal in magnitude and opposite in direc-
tion to the force FIs \Brs exerted by substructure r on substructure s.
Thus

FIg \Brs = -fir \Brs =Frs, r, s = 1, . . . , AT, r (28)

Inter-substructure force vector Frs is assumed to be Lrs dimensional;
Lrs = 0 if substructures r and s do not share a common boundary.
Applying Eq. (28), O can be written as

N N

(29)
s=\ r=s+l

It is now assumed that the number of degrees of freedom Ns
for each substructure is large enough that a reduction is required.
Based on the concept of the Rayleigh-Ritz method, the general-
ized displacement vector Us of each substructure s can be approx-
imately represented by the sum of ns trial vectors 05/ multiplying
^-dependent unknown coefficients usi

(30)
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With ns < Ns, vector us is the ns -dimensional unknown, and matrix
3>s contains ns trial vectors 0W-. The trial vectors are required to be
linearly independent and satisfy the external geometric boundary
conditions of the whole structure. The concept of trial vectors for a
substructure is analogous to that of the trial functions in the finite
element model. Since the generalized displacement vector is com-
plex in the frequency domain, complex trial vectors can be used in
the expansion. Introducing Eq. (30) into Eq. (29) yields

(3D
s=l r=s+l

where the ns x ns reduced substructure matrices are

kfs(a>) =ms =

and the ns -dimensional reduced substructure external force vector
is

Rewriting Eq. (31) in block-diagonal assembled matrix form, we
have

H = \((-co2ma + jVa + k'a)ua,ua)

(32)

where, with na = Y^=\ n^ me na x na block-diagonal matrices are

ma = blk-diag ms , k'a (CD) = blk-diag k's (co)

*»= blk-diag *»

and the na -dimensional disjoint vectors are

The notation (Caua,Fia) is used here to represent the summation
N N

s—l r=s+l

The La -dimensional vector Fla is formed by concatenating all vec-
tors Frs, hence La = £^=1 5Zr=s+i ^rs' ^ w*^ soon ^e c^ear mat

the La x na matrix Ca couples the substructures.
To ensure the structural integrity of the assembled system, the

geometric compatibility conditions are defined as

tfflk, - Ur\Brs = 0, r,s = l

Substituting Eq. (30) into Eq. (34) yields

(*5fi,)kf-(*r«r)kf - 0, r,s

(34)

(35)

and using the notation in Eq. (33), the geometric compatibility con-
ditions (34) may be written in a compact form

Caua = 0 (36)

In situations when actual geometric compatibility conditions im-
posed on an interface between substructures cannot be conveniently
met, an approximation with the weighted residual method may be
applied. The Lrs -dimensional complex vectors Frs are represented
approximately by the truncated sum of lrs (lrs < Lrs) linearly inde-
pendent weighting vectors i/irsj multiplying ^-dependent unknown
coefficients frsj as follows:

(37)

With lrs < Lrs, vector/™ is lrs dimensional, and matrix *&rs contains
lrs vectors t/>rsi. Since the internal force vector is complex in the
frequency domain, complex weighting vectors can be used in the
expansion.

Equation (34) is equivalent to requiring that

r, s = (38)

be satisfied for all possible vectors Frs. By substituting Eqs. (30)
and (37) into Eq. (38), it may be concluded that the actual geometric
conditions are satisfied approximately if

r, s = 1, , N, r
(39)

Note that the compatibility conditions on Brs can be satisfied exactly
if we let lrs = Lrs when Lrs < min(nr, ns) in Eq. (37). Assembling
the constraint equations (39) for all internal boundaries of all sub-
structures yields

*T
aCaUa = 0 (40)

lrs weight-where matrix *&a contains a total of la = ]T^=1 2^
ing vectors.

Now the disjoint generalized displacement vector ua can be re-
lated to a vector u containing n = na — la independent unknowns
through an na x n transformation matrix C:

ua =Cu (41)

If the exact geometric compatibility conditions (36) are applied,
n = na — La. Finally, introducing Eq. (41) into Eq. (32) yields the
bilinear function FI for the coupled structure

n = \ ((-co2m + jk" + K)u, u) - (/, u) (42)

where the n x n coupled matrices are

m = CTmaC, k'(co) = CT k'a(a>)C

and the n -dimensional coupled external force vector is

Since matrices m, A:r(o>), and k"(a)} are symmetric, the condition of
stationarity 8U = 0 gives the motion equation

(-co2m + jk' + k')u =f

Selection of Trial Vectors

(43)

r, s = 1, . . . , N, r

As mentioned earlier, substructure trial vectors must be linearly
independent and must satisfy the external geometric boundary con-
ditions. Theoretically (not numerically), these conditions guarantee
the exact representation of the substructure when ns = Ns. In ad-
dition, the trial vectors are also desired to have acceptably smooth
shapes so that the dynamic response of the structure in the low-
frequency range is accurately represented.

Since the generalized displacement vector is complex in the fre-
quency domain, complex trial vectors are allowed. As the frequency
domain response is obtained by solving a set of linear algebraic
equations with complex coefficients at each frequency co, complex
trial vectors, such as eigenvectors of the damped substructure, can
be used in the Ritz expansion without further complicating the fi-
nal solution step. However, the matrix operation and storage in the
intermediate steps of the substructure synthesis become more com-
putationally expensive if a complex transformation is applied.

Substructure eigenvectors are obviously admissible vectors. Tra-
ditionally, the motion of each substructure is represented by a linear
combination of its eigenvectors. To accommodate viscous damp-
ing, the size of the eigenequations doubles due to the state-space
formulation; the eigenvectors are also complex. The complex sub-
structure eigenvectors not onlys become more difficult to compute
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but also lead to complex reduced matrices. The introduction of more
general viscoelastic damping adds further complications. To obtain
the substructure eigenvectors, a substructural eigenvalue problem
has to be defined in terms of a model of viscoelastic damping such
that the coefficient matrices can be diagonalized. The task of find-
ing the substructure eigehsolutions can be more challenging than
calculating the frequency response of the system.

By definition, admissible vectors of a viscoelastic substructure
are also those of the corresponding fully elastic substructure and
vice versa. Therefore, admissible vectors for undamped systems
can also be used for damped systems. The fixed and free inter-
face normal modes of undamped substructures qualify as admissi-
ble vectors for damped substructures. With the use of undamped
substructure modes as trial vectors, the definition of substructure
eigenproblems involving viscoelastic damping and the subsequent
solution for complex eigenvectors are avoided. However, are un-
damped modes good enough to approximate damped substructures?
It is known that undamped modes are very close to damped modes
when the damping is small, but this is not generally true for high
damping. However, numerical examples given in the next section
show a reduction of the maximum relative error at resonance with an
increase in damping when undamped modes are used, even though
the damped mode shapes depart from the shapes of the correspond-
ing undamped modes. This suggests that, with an increase in damp-
ing, the requirement for a set of accurate modes is reduced.

Some admissible vectors, such as Lanczos vectors and Ritz vec-
tors, can be obtained without solving an eigenvalue problem. The
generation of Lanczos vectors involves factorization of the substruc-
tural stiffness matrix and orthogonalization of vectors, which was
claimed to be less expensive than the solution of eigenproblems.
Admissible Ritz vectors represent a much larger class of vectors
than the substructure eigenvectors. As presented in Ref. 9, a conve-
nient way of constructing admissible vectors is discretizing admis-
sible functions. Consider the original continuous substructure from
which the present discretized substructure was obtained by the finite
element method. Such a continuous substructure admits a set of ad-
missible functions. These admissible functions satisfy the geometric
boundary conditions at external boundaries. They are also linearly
independent, sufficiently differentiable, and form a complete set of
functions. A set of low-order polynomials or sinusoidal functions
are examples of admissible functions. Then a set of admissible vec-
tors can be constructed by discretizing, or "sampling" in space, the
set of admissible functions. In an admissible vector, the nodal dis-
placement components take the values of the admissible function
at the sampling points, whereas the nodal rotation components take
the values of the first derivative of the admissible function at these
sampling points. This process guarantees that admissible vectors
satisfy all necessary conditions and also have smooth shapes.

Numerical Examples
Consider a cantilevered beam that consists of two uniform sec-

tions with the same density 1 kg/m, Young's modulus 1011 N/m2,
and length 50 m with the different sectional geometries 1 m x 0.5 m
and 0.5 m x 0.25 m as shown in Fig. 1. Since the natural frequen-
cies of a uniform beam with length /, linear density p, and bending
stiffness El are proportional to ̂ /EI/pl4, only the sectional geom-
etry has to be varied in a parametric study. The beam is naturally
divided into two substructures. The one-dimensional viscoelastic
constitutive relation can be written as

jG"(co)]€(co) = a>G(a>)]€ (44)

P, I, E, G(t) p, I, E, 0.1G(t)

2a

10 Element Mesh . 10 Element Mesh

Substructure 1 : Substructure 2

Fig. 1 Cantilevered beam model.

Exponential
Uniform Distribution

10'1 10° 101 102 103 104

Frequency (rad/sec)

Fig. 2 Relaxation functions of various viscoelastic damping models.

For convenience, assume a relaxation function G in substructure 1
and 10% G in substructure 2. Four types of damping models are
considered in the examples: the exponential damping model

5x 109

•f jco + 10*~2 (45)

as a special case of both the hereditary integral form with discrete
representation (3) and the standard linear viscoelastic model, the
uniform distribution damping model

G(a>) =
i.26xio14 l°5 o-°-9

jco-0
dO (46)

as a special case of the hereditary integral form with continuous
representation (4), the fractional derivative damping model

G(a)) =
5 x 108 (»°-7 + (»°-6

jco (47)

similar to Bagley and Torvik's five parameter model; and the hys-
teretic damping model

G(a>) =
3x 109

(48)

to represent a class of steady-state damping models that are valid in
the frequency domain but not in the time domain. The parameters
in all of the damping models are selected such that the first six
equivalent damping factors rje are approximately 1%, as shown in
Table 1. The equivalent damping factor is related to the eigenvalue
Pi by r]e — —Re(p/)/Im(p/). The real and imaginary parts of the
viscoelastic modulus G(a>) are plotted in Fig. 2 for the four types
of damping modes.

A two-node cubic beam bending element is used to discretized
the substructures. Two degrees of freedom are defined at each node:
deflection w and slope dw/dx. Viscoelastic damping is incorpo-
rated into the elastic element by the correspondence principle at the
element level. The full-sized discrete system is obtained by a mesh
of 10 uniformly spaced elements in each substructure. Therefore,
accounting for the two constraints, there are a total of 40 degrees
of freedom in the coupled system. Then a reduced-order system
of 20 degrees of freedom is obtained by the substructure synthesis
method (SSM) with 10 trial vectors for substructure 1 and 12 for
substructure 2.

Three types of trial vectors are considered here. 1) Discretized
simple polynomials: the values of polynomial x1 and its slope iV"1

at the coordinates of the nodal points are taken as the nodal values of
displacement w and rotation dw/dx, respectively. Since substruc-
ture 1 is clamped at ;c = 0, external boundary conditions w = 0 and
dw/dx = 0 can be satisfied by the choice of trial vectors. Hence,
a sequence of *,-,/= 2, 3, . . . , 11, is used for substructure 1 and a
sequence of */, i = 0, 1, . . . , 11, for substructure 2.2) Fixed modes
plus constraint modes: the first 8 and 10 lowest undamped normal
modes are calculated for fixed-fixed substructure 1 and cantilevered
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Table 1 Equivalent damping factors for various damping models

Mode
no.

1
2
3
4
5
6

Natural
frequency,

1/s

8.3602
31.480
88.525

183.52
274.60
426.71

Equivalent damping factors, %

Exponential

0.92
0.79
1.24
0.88
0.88
1.11

Uniform
distribution

0.67
0.73
1.17
0.94
1.02
1.33

Fractional
derivative

0.64
0.92
1.47
1.05
1.05
1.23

Hysteretic

0.84
0.82
1.24
0.91
0.97
1.25

DC
'o

no-4
i

! io~6

io-7

10'8

Exponential Damping Model
FEM Only
40 D.O.F.

——— Point Load, 1% Damping
- - - - - Point Load, High Damping

r _._._._._ Uniform Load, 1% Damping

10° 101 102

Frequency (rad/sec)

Fig. 3 Frequency response at the tip of the beam.

substructure 2, respectively. Two constraint modes are obtained for
each substructure by statically imposing a unit deflection and a unit
rotation, respectively, at the internal boundary with the other free-
dom constrained. 3) The SSM with free modes plus attachment
modes: the first 8 and 10 lowest undamped normal modes are cal-
culated for cantilevered substructure 1 and unconstrained substruc-
ture 2, respectively. Two standard attachment modes are obtained for
each substructure by statically imposing a unit force and a unit mo-
ment, respectively, at the unconstrained internal boundary degrees
of freedom. Statically determinate constraints inhibiting rigid-body
motion are applied at the other end of substructure 2. Since the
proposed method is the only SSM for the frequency response of
viscoelastic systems, a comparison with other SSM is not possible.
Hence, the results are compared with those of a direct finite element
approach without substructuring. A reduced-order system of 20 de-
grees of freedom was formed directly by the finite element method
(FEM), using five equal elements in each section of the beam. The
resulting sets of linear algebraic equations with complex coeffi-
cients were solved using the IMSL subroutine LEQT1C (Ref. 29)
at each frequency. Frequency response of the displacement at the
tip of the beam A(&>) is chosen to monitor the error in the solution.
The relative error between the approximate solution Aa, based on
the reduced-order system, and the exact solution Ae, based on the
full-sized system, is defined as

I I A'
(49)

where the amplitude || A|| = ^/Re^A^-h Im2(A).
Two separate loading cases are considered: a concentrated load

of 100 N imposed at the tip of the beam and a uniformly distributed
load of 1 N/m intensity over the entire beam. For completeness, the
amplitude of frequency response of the full-sized system is given
in Fig. 3 for both loading cases. The exponential damping mode is
applied at two damping levels that have a factor of 10 difference
in the relaxation function. Referring to Fig. 3, the absolute error
of various solutions can be assessed based on the corresponding
relative error.

The relative error of the SSM and the reduced FEM is com-
pared in Fig. 4 for the point load case with the exponential damping
model given by Eq. (45). In the sequence of twin peaks following
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Fig. 4 Comparison of SSM and FEM at typical damping level with the
exponential damping model; beam under point load.

the first peak, the first peak of a twin corresponds to a valley on
the corresponding frequency response curve (point load, 1% damp-
ing) in Fig. 3. Therefore, the high relative error is the result of a
small absolute error and a small denominator, which should not
cause much concern. We shall focus our attention on the second
peak of a twin, corresponding to a resonance peak of the frequency
response in Fig. 3. The SSM with polynomials provides at least
five more significant figures than the FEM up to the fourth natu-
ral frequency, then reduces to three at the sixth. This confirms the
ability of low-order polynomials in representing arbitrary shapes
of smooth, low-frequency modes. The SSM with free modes per-
forms only slightly better than the FEM up to the second resonance
frequency and provides one to two more significant figures in the
high-frequency range. Its error rises slower than that of the FEM
with increased frequency. The relative error curve of the SSM with
fixed modes has a feature distinctively different from the others. It
has a valley at the resonance frequency where the other methods pro-
duce a peak. This SSM provides a solution with two to three more
significant figures in the neighborhood of the first six resonance
frequencies.

The results for the uniform distribution damping model given by
Eq. (46), the fractional derivative damping model given by Eq. (47),
and the hysteretic damping model given by Eq. (48) are very similar
to those for the exponential damping model in Fig. 4. The rela-
tive error for all four damping models is bounded between a pair
of curves resulted from the exponential damping model and the
hysteretic damping model. Therefore, for conciseness and clarity,
only the two bounds of the relative error curves are shown in Fig. 5
for each variant of the SSM. It is clear that the type of viscoelas-
tic damping model used in the analysis has little effect on the error
introduced by the proposed SSM, if they represent similar viscoelas-
tic characteristics, as shown by the relaxation functions in Fig. 2.
The computational effort involved in the reduction process with the
present SSM is also independent of the type of damping model.

To study the influence of damping level, the relaxation function
of the exponential damping model is increased by a factor of 10. The
relative error for high damping level is shown in Fig. 6. The peak
relative error at resonance frequencies flattens out at high damping
level for all types of trial vectors. So does the absolute error, based
on the frequency response (point load, high damping) in Fig. 3.
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exponential damping model; beam under uniform load.

Therefore high damping does not represent a challenge to the SSM
with any type of trial vectors. Although undamped real modes do
not resemble highly damped modes, the error introduced through
the use of real modes in the forced response calculations of a highly
damped system is not any larger than that of the corresponding
lightly damped system.

As an alternative to the point load in the previous examples, the
relative error for the uniform load case is shown in Fig. 7. Com-
paring Fig. 7 with Fig. 4, the relative error of the SSM with fixed
modes is significantly reduced under the uniform load, whereas the
peak relative error of the FEM and the SSM with other trial vectors
is hardly affected by different loading conditions. The frequency
response under uniform load in Fig. 3 has flat valleys between the
resonance peaks, which no longer produce peaks on relative error
plots.

Conclusions
A substructure synthesis method is developed in the frequency

domain for structures with viscoelastic damping in hereditary in-
tegral form, differential operator form, and steady-state form. The
method is an extension of the existing methods for structures with
viscous damping. The formulation is based on a variational princi-
ple for symmetric viscoelastic systems. Because of the removal of
the traditional state-space formulation within the substructure syn-
thesis, the approach is independent of the form of the viscoelastic
damping model, and the computational effort spent on the reduction
process is similar to that in the classic component mode synthesis
method for undamped systems.

On the basis of the Rayleigh-Ritz method, each substructure is
represented by a set of admissible trial vectors. Although the com-
plex eigenvectors of the viscoelastic substructure can be used as
trial vectors, their use is neither necessary nor desirable. The com-
plex eigenvectors are not easy to obtain and difficult to work with
computationally. Real trial vectors are recommended. Eigenvectors
and Lanczos vectors of the corresponding undamped substructure
as well as Ritz vectors obtained by spatial discretization of simple
functions are in this category. The first two types of admissible vec-
tors depend on the geometry, mass, and stiffness properties, whereas
the last one depends only on the geometry of the substructure. If the
circumstance requires, the geometric compatibility conditions be-
tween substructures may be approximated by a weighted residual
method.

Viscoelastic beam examples have been presented to illustrate the
proposed substructure synthesis method. Examination of the results
yields the following conclusions for these examples: 1) The pro-
posed method is insensitive to the type of damping model, provided
the models represent similar viscoelastic characteristics. 2) The use
of undamped modes appears to be adequate in substructure synthesis
of structures that contain even high levels of viscoelastic damping.
3) The use of normal modes of undamped substructures as trial
vectors is capable of significantly improving the solution of vis-
coelastic systems, as compared with a direct finite element method
without substructuring. 4) The trial vectors generated from simple
polynomials yield remarkably good results in the low-frequency
range.
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